Abstract-Numerical computation of induced surface current density, power gain, conversion efficiency, optimum interaction length and harmonic generation etc. pertaining to large-signal operation of a linear beam travelling wave tube amplifier (TWTA) employing a dielectric-loaded sheath helix model for the slow-wave structure based on the large-signal theory developed in Part 1 of this paper is presented, and comparison with the results of other large-signal theories and available experimental evidence is made.
INTRODUCTION
In Part 1 of this paper, a rigorous method of analysing the large-signal behaviour of a linear beam traveling wave tube amplifier (TWTA) with the slow-wave structure modeled by a dielectric-loaded sheath helix was presented starting from the governing equations of classical electrodynamics. A key step in the analysis was an expansion of the steady-state beam current density in a Fourier-series in the time variable and a representation of the 'Fourier coefficients' as nonlinear functionals of the electron arrival time through a Green's function sequence for the slow-wave structure. With a view to identifying the form of the Green's functions, the field components were also expanded in Fourier series in the time variable, the Fourier coefficients being now functions only of the spatial co-ordinates. Substituting the Fourier-series expansions for the field components and the beam-current density into Maxwell's equations and solving the resulting nonhomogeneous boundary value problem with the help of a second Fourier-series expansion in the axial coordinate, the Green's functions for the slow-wave structure were determined. Using the Green's function representation of the axial electric field component inside the beam as a nonlinear functional of the electron arrival time, the problem was reduced to one of solving for the electron arrival time as the fixed point of a nonlinear (integral) operator equation in a function space by the method of successive approximations.
The numerical computation of the TWTA characteristics to be taken up in this part will be based on the above double Fourier-series representation (in the time variable and the axial coordinate) of the particular solution for the axial electric and magnetic field components truncated at the third temporal harmonic (i.e., m ≤ M = 3) and the 64th spatial harmonic (i.e., |n| ≤ N = 64). The computations are carried out for an operating frequency f 0 of 6 GHz and the dimensionless interaction length d varying between 120 and 160 in steps of 2. For the above choices of the operating frequency and the interaction length, the resonance condition is not even approximately satisfied by any of integer pairs (m, n) with 1 ≤ m ≤ 3 and ma 1 /k d + 1 ≤ n ≤ 64, where for any real number X, X denotes its integer part. Hence the need for using the alternate expressions for the particular solution developed in Appendix B of Part 1 does not arise. The equations of this part will be numbered consecutively from those of Part 1 and also the notation of Part 1 will be employed.
ELECTRON ARRIVAL TIME, EXIT SPEED AND AXIAL ELECTRIC FIELD
The truncated double Fourier series for the axial electric field component can be written from (41) in a form suitable for numerical work as
where the electron arrival time t(z, r, t 0 ), of course, satisfies the nonlinear integral Equation (43).
The following (constant) values of input-signal parameters and beam parameters will be used in the numerical computation of the TWTA characteristics.
The (unique) roots of the dielectric-loaded sheath-helix dispersion Equation (29) re-expressed in the form
for the renormalized propagation phase constants β ma ∆β m /a 2 , m = 1, 2, 3, are β 1a = 9.3098, β 2a = 18.56305, β 3a = 27.80771, where k 0a ∆a 1 /a 2 = ω 0ā /c and the simpler expressions for τ m and τ m in terms of β ma and k 0a are
For the choice 
will now be introduced for describing the numerical results of this paper. In the above definition
is the input-signal power (assuming it to be that due to a forward-propagating cold wave at the inputsignal frequency) and P dc = V 0 I 0 is the 'dc' power of the beam. The expression for the non-dimensional quantity P 11 appearing in (48) is
For the parameter values of Table 1 and the truncation orders of M = 3 and N = 64, the nonlinear integral Equation (43) as well as the positive deviation of the exit electron speed from the entrance electron speed over a period of the input signal increases with input-signal level, the negative deviation tending to dominate over the positive deviation with an increase in the input signal level. Moreover, the perturbation of the exit electron speed from the entrance speed tends to be larger for the peripheral electrons than for the axial electrons.
Graphs showing the build-up of the first two harmonics of the axial electric field component as given by the normalized Fourier-coefficient magnitudesÊ 1m (z, r)∆|E 1m (z, r)/E 11 (0, r)|, m = 1, 2, are plotted in Fig. 3 for the parameter values d = 120 , α = −20 dB, and r = 0 (beam axis), a (beam boundary) and 1 (helix boundary).
It is seen from Fig. 3 that the second harmonic field is smaller by at least two orders of magnitude than the fundamental field all through the interaction region. A comparison of the three curves of Fig. 3 , for m = 1, also reveals that the strongest interaction between the electron beam and the electromagnetic field takes place near the beam axis; the interaction becomes the weakest at the beam boundary and grows once again progressively stronger as the helix boundary is approached. Radial variation of the normalized fundamental axial electric field componentẼ 11 (z, r)∆|E 11 (z, r)/E 11 (z, 1)| at the planes z = 0, d/2 and d for the same parameter values are plotted in Fig. 4 . It is clear from the figure that the radial variation of the axial electric field component is not affected to any significant extent by the axial position at which the field is evaluated.
INDUCED CURRENT DENSITY
The density of the surface current flowing along the sheath helix may be evaluated using the boundary condition on the tangential component of the magnetic field across a discontinuity. This condition together with the fourth of sheath-helix boundary conditions (19a) enables the mth (m = 1, 2, 3) Fourier-coefficient J sm (z) of the surface current density component along the direction of infinite conductivity on the sheath helix normalized with respect to its value at z = 0 to be expressed as
From (24b), (38b), (31b), (33), (35b) and (39), the discontinuity in H 1m (z, r) at the helix boundary may be estimated to be where
the functions C 0 (.) and C 1 (.) are defined in (36) and we have set input-signal phase factor A = e jθ = e j0 = 1. Thus the computation of the surface current density induced on the slow wave structure is seen to be quite straightforward.
The variation in magnitude of the surface-current density J s1 (z) with axial distance z is plotted in Fig. 5 for d = 150 and α = −20 dB. The near-exponential build-up of the surface-current density with interaction distance can be easily made out from Fig. 6 which shows the behaviour of ReJ s1 (z) with z for the same values of d and α. Fig. 6 also puts into evidence the traveling nature of the interaction between the electron beam and the electromagnetic field since ReJ s1 (z) represents a snapshot of the surface current density wave |J s1 (z)| cos(t − θ s1 (z)) evaluated at time t = 0 where tan(θ s1 (z)) = ImJ s1 (z)/ReJ s1 (z). 
POWER GAIN AND CONVERSION EFFICIENCY
With a view to formulating suitable definitions for these two parameters, consider a coaxial cylinder of radius b with end faces S i and S o at the input and the output planes of the helix, and the lateral surface S l at r = b coincident with the inner surface of the outer perfectly conducting circular cylindrical shell. Taking the output power P out to be the net (time-averaged) power flowing out through the output end face S o of this cylinder (there will not be any power flow through the lateral surface S l ) and the input power P in to be the net power flowing into the cylinder through the input end face S i , the total power gain g tot and the total conversion efficiency η tot may be defined respectively as g tot ∆P out /P in and η tot ∆(P out − P in )/P dc = (P out − P in )/V 0 I 0 Applying the Poyinting theorem [1] to the volume bounded by S i ∪ S l ∪ S 0 , it is seen that
Here Y 0 = 1/Z 0 is the intrinsic admittance of free space and
where to P m . From (48), the (fundamental) power gain g 1 can be expressed as
where P 11 is defined by (49). Similarly, the conversion efficiency for mth harmonic may be expressed as
The variation of the fundamental power gain g 1 with the normalized interaction length d for α = −20 dB and α = −30 dB are shown in Figs. 7(a) and 7(b) respectively. It may be seen from these figures that the power gain attains flat maxima at about d = 134 for an input signal level of α = −20 dB and at about d = 150 for α = −30 dB, the corresponding values of saturation gains being about 23 dB and 34 dB respectively. These observations lend credence to the anticipated behaviour of the optimum interaction length and the saturation power gain, namely, values of both parameters increase as the input-signal level is decreased. The variation of the fundamental power gain g 1 with input power level α for d = 135 is plotted in Fig. 7 (c) which shows a monotonic decrease in power gain as the input-signal power is increased with the decay rate coming down from a large value near α = −50 dB to a very small value near α = −20 dB. Figs. 8(a) and 8(b) respectively. It may be seen from these plots that the fundamental conversion efficiency attains flat maxima at about d = 134 for an input signal level of α = −20 dB and at about d = 150 for α = −30 dB, the corresponding values of saturation efficiencies being about 60% and 50% respectively. It should come as no surprise that the optimal value of the interaction length at which power-gain curve as well as the efficiency-curve attains its maximum turn out to be identical for the same value of the input-signal level α. This is because the efficiency η 1 (as a percentage) and the power gain g 1 (in dB) are related by
where f is seen to be a monotonically increasing function of g 1 for a fixed α. The variations of the fundamental and the second harmonic conversion efficiencies η 1 and η 2 with α for d = 135 are shown in Fig. 8(c) (Note that η 2 is plotted in a scale which is magnified 10 4 times the scale for η 1 ). As expected, both η 1 and η 2 exhibit a near-exponential increase with respect to the input signal power; however, the second harmonic efficiency η 2 is at least four orders of magnitude smaller than the fundamental conversion efficiency η 1 . In view of the fact that the contribution of the harmonics generated by the nonlinear electron-wave interaction in a linear beam TWTA to the output power is imperceptibly small, it is possible to retain only the component at the input-signal frequency in the temporal Fourier-series representation of the convection current density i(z, r, t) and the electromagnetic field components E k (z, r, t) and H k (z, r, t), k = 1, 2, 3, without incurring any significant loss in accuracy.
CONCLUDING COMMENTS
An examination of the results presented in this paper in light of the results of the large-signal field theory of an open sheath helix [2, 3] and other large-signal non-field theories [4, 5] and available experimental evidence [6] lead to the following conclusions.
(i) The values of the saturation power gain and the conversion efficiency compare very favourably with those predicted by large-signal non-field theories [4, 5] and the experimentally observed values [6] . The unusually small values of these parameters obtained in [3] for the open sheath-helix model of the slow-wave structure may be attributed to the power loss due to the presence of 'radiating terms' (associated with Hankel functions in the Fourier-series representation of the particular solution for the field components valid in the unbounded region exterior to the open sheath helix). (ii) There exists an optimum interaction length, which is a function of the parameter values and the input-signal level, for a linear beam TWTA as in the case of a klystron amplifier [7] . (iii) A linear beam TWTA is a very poor harmonic generator and consequently a very poor frequency converter even under large-signal conditions. Thus the harmonic distortion introduced by a linear beam TWTA with the slow-wave structure modeled by a dielectric-loaded sheath helix is negligibly small even when operating at large signal levels. (iv) Since the power gain vs. normalized interaction length curves of Figs. 7(a) and 7(b) may be interpreted as frequency-response curves of the power gain for a TWTA (with a fixed interaction length of course) designed for operation around a centre frequency f c corresponding to the normalized interaction length d opt for a specified value of the peak gain, the flatness of the maximum in the frequency curve of TWTA implies that the TWTA is capable of broadband operation (i.e., with negligible frequency distortion over the essential bandwidth of the input signal) around the centre frequency when the (actual) interaction length is chosen to bed = v 0 d opt /2πf c .
In addition to the sheath-helix model of the slow-wave structure being incompatible with the actual coupling arrangements employed in a practical TWTA to carry r.f. power into and out of the tube, necessitating the unconventional definitions of power gain and conversion efficiency adopted in this paper, possible reflection of the traveling electromagnetic wave from the collector end has been totally neglected in the present analysis. In view of these shortcomings, the numerical values of the TWTA parameters like power gain, conversion efficiency, optimum interaction length etc., arrived at on the basis of the large-signal field theory presented in Part 1 may not match exactly with those measured experimentally.
The present analysis may be routinely extended to the case of a finite-duration input signal using a Fourier-series representation of the input signal over its time duration. However, if the TWTA has been designed for operation with maximum gain at the fundamental frequency (reciprocal of the signal duration), then the higher harmonics components will get amplified to progressively lower levels resulting in an output signal that has been subjected to severe frequency distortion.
